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Spectroscopy with Ohmic Dissipation using Resistive Electrodes
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We propose a scheme to distinguish zero-energy peaks due to Majorana from those due to other
effects at finite temperature by simply replacing the normal metallic lead with a resistive lead (large
R ∼ kΩ) in the tunneling spectroscopy. The dissipation effects due to the large resistance change
the tunneling conductance significantly in different ways. The Majorana peak remains increase as
temperature decreases G ∼ T 2r−1 for r = e2R/h < 1/2. The zero-energy peak due to other effects
splits into two peaks at finite temperature and the conductance at zero voltage bias varies with
temperature by a power law. The dissipative tunneling with a Majorana mode belongs to a same
universal class as the unstable critical point of the case with a non-Majorana mode.
PACS numbers: 72.10.Fk, 74.78.Na, 74.78.Fk, 03.67.Lx
Introduction — Majorana fermions (MFs), proposed
to exist in solid state systems [1–5], cold atomic sys-
tems [6–8], and periodic driving systems [8–10], attract
a great deal of attention. A variety of signatures [11–
21] are predicted to detect Majorana fermion (MF) zero
mode; among them, tunneling spectroscopy may provide
one of the simplest and direct tests for MF— The obser-
vation of the zero-bias peak (ZBP) with quantized con-
ductance G = 2e2/h [15, 16] at sufficiently low tempera-
ture (smaller than intrinsic width of the Majorana peak).
Recently, several groups [22–24] reported the observa-
tion of a non-quantized ZBP at higher temperature in
semiconductor nanowires, which is possibly coming from
MF. However, the ZBP may originate from other effects,
e.g. zero-energy impurity bound state. In addition, re-
cent works [25–27] show that, in a superconducting sys-
tem with both spin-rotation and time-reversal symme-
try breaking, the disorder can induce a cluster of mid-
gap states around zero-energy and thus a ZBP at finite
temperature. Especially, the disorder ZBP appears in
the conditions highly similar to Majorana ZBP [25–27].
These alternative possibilities lead to debates about the
validity of the tunneling spectroscopy methods.
In this work, we introduce a scheme by simply replac-
ing the normal metal lead in the tunneling spectroscopy
with a resistive lead (with large resistance R ∼ kΩ). In
this case, electrons couple to an ohmic environmental
bath [28] in the tunneling process; the coupling to the
bath usually suppresses the tunneling rate and leads to
dissipative tunneling [29, 30]. Dissipation effects can also
cause non-trivial phase diagrams and transitions, which
was recently observed in a simple resonant level system
[31–33]. We investigate how the dissipation influences the
tunneling into MFs, zero-energy impurity bound states in
superconductor, and other states causing ZBP at finite
temperature. The ways that the dissipation effects renor-
malize the tunneling strength and the tunneling conduc-
tance is significantly different for MFs and other cases. If
the lead is connected to a MF, the zero-bias conductance
scales as G ∼ T 2r−1 near a weak tunneling fixed point
(high T ) and will go to perfect transmissionG = 2e2/h at
T = 0 for r = e2R/h < 1/2. If the lead is connected to a
superconductor (SC) with a zero-energy impurity bound
state (non-MF), the system can be divided into four sta-
ble phases and an unstable symmetric point (i.e. critical
point). Away from the symmetric point, the system will
flow to one of the four stable fixed points, near which the
zero-bias conductance scales as G ∼ T 2r and the peak
splits into two at finite temperature. The critical point
belongs to the same universal class as the case for dis-
sipative tunneling into a Majorana mode. We also con-
sider the conductance for the dissipative tunneling into a
cluster of mid-gap states. Without dissipation, the finite
temperature conductance shows ZBP; with dissipation,
the single peak splits into two as temperature decreases.
The splitting occurs at higher temperature for larger re-
sistance, but r < 1/2 is required in the experiment so
that Majorana ZBP does not split. Therefore, the dissi-
pation effect induced by the resistive lead provides a way
to distinguish Majorana ZBP and other ZBP, and serves
as a “ Majorana signature filter”.
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FIG. 1: (color online) Proposed experimental setup.
Model — We consider the tunneling spectroscopy
from a resistive lead into the end of a superconduct-
ing nanowire (SCNW) with Rashba spin-orbit coupling
and proximity induced superconductivity ∆ as shown in
Fig. 1. A magnetic field is applied perpendicular to the
direction of the Rashba spin-orbit coupling. In this case,
2MFs are predicted to exist at the two ends of the wire if
Vz >
√
∆2 + µ2, where Vz is Zeeman splitting and µ is
wire chemical potential [4, 5]. Unlike conventional setup,
we replace the normal metallic lead with a resistive lead.
A gate is applied to control the tunneling barrier between
the lead and SCNW. We assume that the barrier is high
and wide, so that the tunneling has only a single channel,
and the cooper pair tunneling can be assisted only by the
mid-gap states localized near the end of the wire. Note
that our setup is not limited only to SC wire, but also
any other MF setups with a resistive lead.
The Hamiltonian of the system can be written as
H =
∑
k
(ǫk + µ1)c
†
kck +HSCNW +HT +HENV, (1)
where the first term describes the lead, with the electron
creation (annihilation) operator c†k (ck) . The second
term represents the states near the end of the nanowire:
HSCNW =
∑
ν
(εν + µ2)b
†
νbν + SC Pairing + Disorder
= µ2NSCNW +
∑
q
ξqγ
†
qγq, (2)
where b† (b) is the creation (annihilation) operator for
electrons. Including the cooper pairing terms and dis-
orders, one can diagonalize the Hamiltonian and reach
the bogoliubov quasi-particle states γq, which includes
the MF and the disorder induced mid-gap states. µ1 and
µ2 are chemical potentials for the lead and superconduc-
tor, respectively. The voltage bias is V = µ1 − µ2. The
tunneling Hamiltonian in the presence of dissipation [30]
is
HT =
∑
k,ν
(
yk,νc
†
kbνe
−iφ + y∗k,νb
†
νcke
iφ
)
, (3)
where yk,ν is the tunneling strength between lead and
SCNW. The operator φ = (e/h)
∫ t
−∞ dt
′U(t′) repre-
sents the phase fluctuation across the tunneling junction,
where U(t) is the voltage fluctuation across the junction.
Define Q as the charge fluctuation of the junction capac-
itance such that [φ,Q] = i e. The operator e−iφ removes
one electron from the junction capacitance, and thus rep-
resents the single electron tunneling. Following Caldeira
and Leggett [34], one can represent the dissipative en-
vironment by a set of harmonic oscillators (i.e. {qn, φn}
with oscillator frequency ωn = 1/
√
LnCn) bilinearly cou-
pled to the phase φ. The last term of Eq. (1) is then
[29, 30, 34]
HENV =
Q2
2C
+
N∑
n=1
[ q2n
2Cn
+
(~
e
)2 1
2Ln
(φ − φn)2
]
, (4)
where C is the capacitance of the junction. HENV de-
scribes the coupling between the system and the envi-
ronment.
Tunneling into Majorana Fermion — Consider the
tunneling between the lead and a MF zero-energy state,
one arrives at the following Hamiltonian
HT =
∑
k
(
ykc
†
kγ1e
−iφ + y∗kγ1cke
iφ
)
, (5)
where γ1 = γ
†
1 is the MF operator. Note that, even
for a spinful lead, MF couples to only a single channel,
which is the linear combination of the spin up and down
channels [15]. It is helpful to introduce a Dirac fermion f :
γ1 = (f + f
†)/
√
2. The tunneling Hamiltonian becomes
HT =
1√
2
∑
k
(
ykc
†
kfe
−iφ + y∗kf
†ckeiφ
)
+
1√
2
∑
k
(
ykc
†
kf
†e−iφ + y∗kfcke
iφ
)
. (6)
Now, a scaling analysis is in order to see how the tunnel-
ing strength y scales in the renormalization group (RG)
picture. Because MF couples to the lead at a single point,
the metallic lead can be reduced to a semi-infinite one di-
mensional free fermion bath [35]. Therefore, the scaling
dimension of this fermion operator is [c] = 1/2. The lo-
calized MF operator or operator f does not contribute
to the scaling dimension. To study the phase part e−iφ,
we consider an ideal ohmic dissipative environment with
the lead resistance R. If we are interested in the scaling
dimension, one only need the T = 0 correlation function
in the long time limit 〈eiφ(t)e−iφ(0)〉 ∼ t−2r [30], where
r = R/RK with quantum resistance RK = h/e
2. We
choose ~ = kB = 1 throughout the paper. Therefore, the
scaling dimension of the dissipative part is [e−iφ] = r,
and the RG equation for the tunneling strength yields
dy
d ln l
=
(
1− 1
2
− r)y, (7)
where l is a time cutoff. For very large resistance r > 1/2,
the tunneling is an irrelevant perturbation and will flow
to zero at zero energy. However, for r < 1/2, the tun-
neling is relevant and will increase with reducing energy.
Near a weak tunneling fixed point (large V or T ) , the
conductance scales as G ∼ V −2(1−1/2−r) = V 2r−1 at
T = 0, and as G ∼ T 2r−1 at V = 0. As energy (i.e.
max[V,T]) approaches zero, the system will enter into
a perfect transmission case with quantum conductance
G = 2e2/h [15].
Tunneling into Zero-Energy impurity Bound States
(ZEIBS) —We assume a (non-MF) ZEIBS localized near
the end of the wire as shown in Fig. 2 (a). Suppose the
ZEIBS and SC states consist of both spin up and down
components, both spin channels in the lead couple to
them. These tunneling processes can be categorized as
two mechanisms shown in Fig. 2: 1) direct tunneling be-
tween the lead and ZEIBS, 2) tunneling into SC assisted
3lead NWd
CP
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y
y
y
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FIG. 2: (color online) (a) Demonstration of tunneling into
a Zero-energy impurity bound states (non-Majorana). d
and CP represent ZEIBS and cooper pair, respectively. (b)
Schematic representation of the flow diagram based on Eq.
(11). The arrows indicate the direction of the flow as energy
decreases. The red dot in the center is the symmetric fixed
point (yd↑ = yc↑ and yd↓ = yc↓), which is unstable. The
edges of the parallelogram correspond to four stable fixed
points. 1) (yd↑ perfect transmission, yc↑ = yd↓ = yc↓ = 0)
at right edge. Note that yd↓ and yc↓ have the same power
law decay rate, and therefore ln(yd↓/yc↓) = constant near the
Fixed point. Other three fixed points are: 2) (yc↑ perfect
transmission, yd↑ = yd↓ = yc↓ = 0); 3) (yd↓ perfect trans-
mission, yc↑ = yd↑ = yc↓ = 0); 4) (yc↓ perfect transmission,
yc↑ = yd↑ = yd↓ = 0).
by ZEIBS-SC tunneling with a cooper pair. The corre-
sponding Hamiltonian is
HT =
∑
σ
yd,σΨ
†
L,σ(0) d e
−iφ+yc,σΨ
†
L,σ(0)d
†e−iφe−iχ+h.c.,
(8)
where yd,σ and yc,σ are the tunneling strength for the
lead-ZEIBS and lead-SC continuum (σ represents the
spin), ΨL,σ(0) =
∑
k ψk,σ(0)ck,σ is the electron annihi-
lation operator of the lead at the point (x = 0) coupled
to SCNW, where ψk is the wavefunction amplitude for
state k. χ is the superconducting phase, and e±iχ cre-
ates or annihilates a cooper pair. We assume the SCNW
is large enough to neglect the Coulomb charging energy,
and the superconducting phase does not couple to any
dissipative environment. Under these assumptions, we
can neglect the superconducting phase χ, and then, the
tunneling Hamiltonian is equivalent to the case with MF
shown in Eq. (6) if and only if yd,σ = yc,σ.
Since the tunneling has only a single channel, the lead
can be reduced to a semi-infinite free fermion field, which
then can be unfolded to form a chiral free fermionic field
[36]; we take the coupling to the SCNW to be x = 0.
Then, this field can be bosonized in a standard way [37,
38]: ΨLσ(x) = Fσ e
iΦσ(x)/
√
2π, where Φσ(x) is a chiral
bosonic field with [Φσ(x),Φσ′ (x
′)] = iδσσ′π sgn(x − x′),
Fσ is Klein factor. For a spinful lead, the Hamiltonian
becomes
H =
∑
σ
vF
4π
∫ ∞
−∞
dx
(
∂xΦσ(x)
)2
+
[
yd,σ
Fσe
−iΦσ(0)
√
2π
d e−iφ + yc,σ
Fσe
−iΦσ(0)
√
2π
d†e−iφ
+h.c.
]
+Kσ(d
†d− 1/2)∂xΦσ(x = 0)/π. (9)
The last term represents the density interaction between
the lead (i.e. Ψ†Lσ(x)ΨLσ(x) = −∂xΦσ(x)/π) and the lo-
calized ZEIBS, and this interaction is initially very small
and can be enhanced in the RG processes. Since the cor-
relation function of the phase φ shows the similar power
law decay to the chiral bosonic field : 〈e−iφ(t)eiφ(0)〉 ∼
t−2r and 〈e−iΦσ(x=0,t)eiΦσ(x=0,0)〉 ∼ t−1, we can com-
bine the two bosonic field and introduce a new field
[31, 39, 40]: Φ˜σ(x) =
√
g(Φσ(x) + φ(x)) with g =
1/(1+2r), which satisfies 〈e−iΦ˜σ(x=0,t)eiΦ˜σ(x=0,0)〉 ∼ t−1.
Note that only φ(x = 0) = φ has the physical mean-
ing (i.e. phase fluctuation), and φ(x 6= 0) are auxiliary
fields. Overall, we have [φ(x), φ(x′)] = 2irπ sgn(x − x′).
Since the tunneling involves only the phase φ(x = 0), the
conductance will not be affected by the auxiliary fields.
Then, the Hamiltonian becomes
H =
∑
σ
vF
4π
∫ ∞
−∞
dx
(
∂xΦ˜σ(x)
)2
+
[
yd,σ
Fσ√
2π
e−iΦ˜σ(0)/
√
g d+ yc,σ
Fσ√
2π
e−iΦ˜σ(0)/
√
gd†
+h.c.
]
+
Kσ√
gπ
(d†d− 1/2)∂xΦ˜σ(0). (10)
One can define a set of dimensionless parameters: y˜d,σ =
yd,σl/
√
2π, y˜c,σ = yc,σl/
√
2π, and K˜σ = 2Kσ/(πvF ),
where l is a short time cutoff in the scaling process.
Following the dimension analysis and operator product
expansion [37, 41, 42], one can simply obtain the RG
equations in the weak tunneling limit
dyd,σ
d ln l
=
(
1− (1 − K˜σ)
2
2g
− (K˜−σ)
2
2g
)
yd,σ,
dyc,σ
d ln l
=
(
1− (1 + K˜σ)
2
2g
− (K˜−σ)
2
2g
)
yc,σ,
dK˜σ
d ln l
= 2(1− K˜σ)y˜2d,σ − 2(1 + K˜σ)y˜2c,σ
−2K˜σy˜2d,−σ − 2K˜σy˜2c,−σ. (11)
Five fixed points are obtained and shown in Fig. 2
(b). The first one corresponds to K˜↑ = 0, K˜↓ = −1,
yd,↑ = yd,↓ = yc,↑ = 0. In this case, yc,↓ will flow to per-
fect transmission, dyd,↑/d ln l = −2ryd,↑, dyd,↓/d ln l =
(−1 − 4r)yd,↓, and dyc,↑/d ln l = −2ryc,↑. The leading
tunneling process corresponds to yd,↑ · yc,↓, i.e. a spin-up
4electron entering the ZEIBS from the lead, then hopping
out to form a cooper pair with another spin-down elec-
tron from the lead. Therefore, the zero-voltage conduc-
tance shows a power law decay G ∼ T 2r near T = 0. The
finite voltage bias will cut off the scaling, and thus the
ZBP will split at low T . Conductance shows the same
power law decay for three other similar fixed points. Un-
less the initial condition yd,σ = yc,σ is satisfied, the sys-
tem will flow to one of these four fixed points.
If the bare parameters reach a symmetric point: Kσ =
0 and yd,σ = yc,σ, all the tunneling strength yd(c),σ is
relevant and will flow to perfect transmission (i.e. per-
fect Andreev reflection); this condition leads to an un-
stable critical point which belongs to the same univer-
sal class as the case of tunneling into a MF. By not-
ing the similarity between our model (i.e. Eq. 10) and
the case with a Luttinger liquid lead [42], one can ob-
tain the V = 0 conductance for this symmetric point (or
for MF) in the strong coupling limit (low T ) [20, 42]:
2e2/h − G ∼ T (2−4r)/(1+2r). For ZEIBS, the condition
yd,σ = yc,σ requires fine tuning both the tunneling bar-
rier and spin components, and thus its realization is ex-
tremely difficult.
Tunneling into a cluster of mid-gap states — If both
the spin rotation and time reversal symmetries are bro-
ken in SCNW, disorder can induce a cluster of mid-gap
states around zero energy localized near the end of the
wire [25–27]. Therefore, even without a zero energy state
(either MF or ZEIBS), the tunneling conductance shows
a zero-energy peak at finite T without dissipation effect.
To study the dissipation effects for those cases, we con-
sider the tunneling Hamiltonian in Eq. (3), and treat the
tunneling strength y as a small parameter such that the
perturbation theory can be applied. This assumption is
valid for tunneling into any non-MF state (with a small
bare tunneling strength) except at the highly symmetric
situation shown in the previous section.
The current operator for the junction is Iˆ =
i[HT ,
∑
kσ c
†
kσckσ] = −i
∑
kσ,ν(ykσ,νc
†
kσbνe
−iφ − h.c.)
Then, the current through the junction up to the lead-
ing order in tunneling strength is given by Kubo formula
(this can also be obtained by golden rule [30])
I(t) = −i
∫ ∞
−∞
dt′ θ(t− t′) 〈[Iˆ(t), HT (t′)]〉0
=
∫ ∞
−∞
dω1
2π
∫ ∞
−∞
dω2
2π
∑
kσ,ν
|ykσ,ν |2ALkσ(ω1)ASCNWν (ω2)
×{[1− f(ω1 − eV )]f(ω2)P (ω2 − ω1)
−f(ω1 − eV )[1− f(ω2)]P (ω1 − ω2)}. (12)
with
P (ω) =
1
2π
∫ ∞
−∞
dt exp[iωt+ J(t)] (13)
where J(t) = 〈φ(t)φ(0)〉 − 〈φ2〉 (see [30, 42] for more de-
tails) and 〈· · · 〉0 indicates the average without the tun-
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FIG. 3: (color online) Differential conductance dI/dV (tun-
neling into a cluster of mid-gap states around zero energy)
as a function of applied voltage V . (a) An arbitrary choice
of the DOS for a cluster of states, which is also the T = 0
conductance for r = 0. (b) The r = 0 finite temperature
conductance. The conductance with dissipation effect, i.e.
r = 0.2 (c) and r = 0.4 (d), for different temperatures. The
single peak splits into two as T decreases.
neling term. P (ω) describes the energy emission and
absorption in the electron tunneling processes due to
dissipation effects. ALkσ(ω1) is the spectral function of
the lead, and we assume a constant density of state
(DOS):
∑
kσ |ykσ,ν |2ALkσ(ω1) = 1/(eRT ), where RT can
be viewed as the tunneling resistance. f is the Fermi-
distribution function. Without dissipation, i.e. r = 0, at
zero temperature one obtain dI/dV ∝ ∑ν ASCNWν (ω2)
which gives the DOS of the wire. A realization of the
DOS (i.e. T = 0 conductance for r = 0), is shown in
Fig. 3 (a). For finite temperature, this cluster of states
results in a ZBP as shown in Fig. 3 (b). As temperature
decreases (still larger than the level spacing of the mid-
gap states), the ZBP height increases for r = 0, which is
similar to Majorana ZBP. This feature changes dramat-
ically when the dissipation effect is included. As shown
in Fig. 3 (c) r = 0.2 and (d) r = 0.4 (R ∼ kΩ), the single
conductance peak splits into two peaks and zero bias con-
ductance decreases as temperature goes down; and this
feature is contrary to that of Majorana ZBP : The zero
bias conductance for r < 1/2 increases as T goes down
and finally approaches 2e2/h at T = 0. Fig. 3 (c) and
(d) also show that the peak splitting occurs at higher T
for larger r.
Discussion — Tunneling into a MF is equivalent to
the resonant tunneling between an electron lead and a
hole lead [15] (also see Eq. (6)) with exactly the symmet-
ric tunneling barriers due to the topological properities
of MF. With ohmic dissipation, the resonant tunneling
shows non-trivial phase diagrams [31, 33]: 1) any asym-
metry in the barriers induces a relevant backscattering
which destroys the resonant tunneling; 2) this backscat-
tering vanishes for a special symmetric point, and the
next leading term is irrelevant for small r (r < 1/2 for
5our case). This symmetry, which results in dissipative
resonant tunneling, is topologically protected by MF; it
is not protected for other cases, and requires fine tun-
ing. In the experiments [22–24], the metal lead can be
made rather resistive (R ∼ kΩ, but need r < 1/2), by
using e.g. Cr/Au film [31, 32]. When coupling to a MF
zero mode, the height of ZBP increases as T goes down:
2e2/h− G ∼ T (2−4r)/(1+2r) near T = 0, and G ∼ T 2r−1
for high T . When coupling to a non-MF mode causing a
ZBP, however, its height shows a power law suppression
at low T : G ∼ T 2r.
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